Various decay processes that are forbidden in the vacuum by a combination of requirements such as angular momentum conservation and Lorentz invariance, can occur if the decaying particle is propagating in a medium, even if the medium is homogeneous and isotropic. Here we consider specifically the decay of a neutrino into another neutrino and a graviton, in a thermal background of electrons. The gravitational transition amplitude and the rate for the gravitational decay of the neutrino in such environments is determined. Although the results simulate Lorentz symmetry violating effects, in this case they arise from completely Lorentz-invariant Standard Model physics.
Introduction
Although the neutrinos do not couple to the photon at the tree-level, such couplings exist as a result of the higher-order corrections to the neutrino electromagnetic vertex function. The electromagnetic properties of neutrinos that are described by those couplings have been the subject of numerous studies in the literature for a long time. A particular process that stands out in this respect is the neutrino radiative decay ν 1 → ν 2 + γ [1] , which has been studied for the case in which the process occurs in vacuum, or in a medium [2] and also including the effects an external magnetic field [3] .
In analogy with the radiative neutrino decay process, here we consider the gravitational decay of neutrinos. In contrast with the electromagnetic couplings, the neutrinos, as any other particle, couple to the graviton at the tree-level. However, due to the universality of the gravitational interactions the tree-level couplings are diagonal and do not give rise to transitions from one neutrino type to another. In the context of the Standard Model (SM) of electroweak interactions, the off-diagonal gravitational couplings arise as a result of the higher electroweak corrections to the neutrino gravitational vertex.
Since the graviton is a spin-2 particle, the process ν 1 → ν 2 + G does not occur in the vacuumm, due to the conservation of angular momentum, or equivalently due to the isotropy of the three-dimensional space. However, the process can occur in the presence of a background medium [4] . The reason can be seen in various ways. We adopt a completely Lorentz invariant point of view and perform and consider the calculation of the amplitude in arbitrary Lorentz frame. The medium is then characterized by the temperature and chemical potentials of the background particles, and by the velocity four-vector of its center of mass, v µ . If the particle is at rest in the medium, then v µ is proportional to the particle's momentum vector p µ instead of being an independent vector. In that case the amplitude does not depend on any additional vectors apart from the momentum or spin or any other vectors that might characterize the initial and final states, the obstructions that apply in the vacuum continue to hold and the amplitude is zero. However, when the particle propagates through the medium, the amplitude in general depends on v µ and that additional dependence invalidates the symmetry argument based on the isotropy of the three-dimensional space. Therefore, in the context of the SM, the process occurs, at some level, in the environments through which a neutrino may propagate.
We have several motivations for performing this calculation. On one hand, it has been suggested that in theories that extend the standard model and/or the gravitational interactions, including theories with extra dimensions and low scale gravity the gravitational decays of some particle species can have observable consequences [6, 7] . As we have already mentioned, the neutrino gravitational decay can occur in theories of Lorentz invariance violation. The neutrino decay rate in those theories will be different, and the present calculation serves as a test case for similar calculations in the context of those extended theories. On the other hand, it has been suggested in some astrophysical contexts that the resonant neutrino oscillations could give rise to gravitational radiation at levels that could be observable [8] . It is conceivable that the neutrino gravitational decay is the underlying microscopic process that supports the mechanism for graviton emission in those situations. The calculations of the present work are useful for exploring further these ideas.
The paper is divided as follows. In Section 2 we show that the on-shell amplitude is determined by two independent form factors, and the expressions for the differential and total decay rate in terms of them are given. In Section 3 we perform the one-loop calculation of the the form factors, and give the explicit formulas in terms of the temperature and chemical potential of the electron background. In Section 4 the differential and total decay rates are then given. There we also consider the particular cases in which the electron gas is charge-symmetric or completely degenerate, which results in simple expressions for the rate in terms of the physical parameters involved, such as the energy of the decaying neutrino and the temperature and/or chemical potential of the electron gas. Section 5 contains our conclusions and outlook.
2 Model-independent analysis 2.1 General form of the on-shell amplitude
We denote by Γ λρ (p, p ′ , v) the off-shell, flavor changing gravitational vertex function of the neutrinos, which is defined such that the on-shell matrix element of the full energymomentum tensor operator between the |ν 1 and |ν 2 states is given by
In writing the arguments of the vertex function, we have indicated explicitly the fact that, within a medium, it depends on the vector v µ in addition to the momentum vectors. In terms of Γ λρ , the amplitude for the process
is then given by
where ǫ λρ is the polarization tensor of the graviton, and κ is related to the Newton gravitational constant G by
The spinors satisfy the Dirac equation while the on-shell conditions for the graviton polarization tensor are
The vertex function is constrained by Lorentz invariance and must be transverse of the graviton momentum. Subject to these conditions, the general form for the vertex function has been obtained by us [4] earlier. It was noted that the vertex function can be decomposed into a tensor and a pseudotensor, 6) and that for each Γ (I) λρ with I = T, P , the terms that contribute to the vertex function with an on-shell graviton are of the form
where the a's and the b's are form factors, and
For the present calculation, the on-shell amplitude takes a simpler form. First, the transversality of the vertex function implies that we can replace
with any X λ , which allows us to choose the graviton polarization tensor such that
Second, since the neutrinos are much lighter compared to the charged leptons and the weak gauge bosons, we can neglect the masses in calculating the leading term of the amplitude. This also enables us to use the massless limit formulas
Finally, chirality arguments dictate that the terms with or without the γ 5 in the amplitude are not independent. In fact, in the massless limit, the chirality invariance of the standard model interactions imply that the terms a 9 cannot be present, while the remaining ones actually appear combined in the form
where c and d independent coefficients that must be computed. Eq. (2.12) is the most general form of the on-shell amplitude in the chiral limit.
Differential decay rate
We wil calculate the differential decay rate in the rest frame of the medium, which is defined by setting
In this frame, the differential decay rate is given by
where θ is the angle between p and q and
is the velocity of the decaying neutrino. Alternatively, the differential rate can be expressed in terms of the graviton energy which, in this frame, is given by
Thus,
and the total rate is
where
is the graviton energy in the rest frame of the initial neutrino, and
In order to obtain the absolute square of the amplitude, we use the relation
that would be satisfied by the neutrino spinor in the massless approximation that we have used. There will be a similar equation for u 2 . The graviton polarization tensor can be expressed in terms of the spin-1 polarization vector of definite helicity ǫ µ s (with s = ±), which are such that
A particularly convenient representation follows by taking the z-axis along p, and defining the unit vectorsq = (sin θ cos φ, sin θ sin φ, cos θ) , e 1 = (sin φ, − cos φ, 0) , e 2 = (cos θ cos φ, cos θ sin φ, − sin θ) .
(2.24)
The spin-1 polarization vectors of definite helicity are given by
and the graviton polarization tensor for a definite helicity is
In the most general case, the coefficients c and d introduced in Eq. (2.12) can have different phases, which is a signal of CP -nonconserving effects. However, as is well known, such effects do not show up at one-loop when their only source is the mixing matrix. Thus, for our present purposes, we can assume that c and d are relatively real. The generalization to the the case in which Im c * d = 0 is straightforward.
The amplitude squared, summed over the graviton polarizations, is then given by
where we have omitted a term proportional to
which should be neglected for the consistency of our approximation of neglecting all masses in the amplitude, and we have used the relations
which are easily obtained using the representation given in Eq. (2.24).
In the next section we calculate the leading order contributions to coefficients c and d that appear in Eq. (2.27).
3 One-loop calculation of the amplitude
The diagrams
To one-loop order, Γ λρ is determined by the diagrams shown in Fig. 1 . Those diagrams contribute only to the gravitational coupling of ν e . The set of one-loop diagrams involving the Z boson contribute equally to the gravitational vertex of all the neutrino flavors ν e,µ,τ , and therefore do not contribute in phenomena that involve transitions between the standard, weak SU(2)-doublet neutrinos. They would be relevent in processes in which the so-called sterile neutrinos participate, but we do not consider that possibility here.
In addition, there are also the diagrams in which one or both of the vector boson lines are replaced by their corresponding unphysical Higgs partners. As we will see, the leading (a) contributions from the W exchange diagrams to the decay amplitude is O(1/M 2 W ), and therefore the Higgs exchange diagrams are relevant in general. However, for simplicity, we will carry out the calculation in the limit m e → 0, in which case the diagrams involving the unphysical Higgs particles do not contribute. Thus, our results are strictly applicable for those physical environments in which the electrons in the background can be considered to be relativistic.
There are also diagrams in which the graviton line comes out from one of the external neutrino legs are one-particle reducible and do not contribute to the leading order term of the off-diagonal vertex function Γ λρ . The proper way to take those diagrams into account in the calculation of the amplitude for any given process, is by choosing the external neutrino spinors u i (p) to be the (properly normalized) solutions of the effective Dirac equation for the propagating neutrino mode in the medium, instead of the spinor representing the free-particle solution of the equation in the vacuum. Since the off-diagonal vertex function is zero at the tree-level, those corrections yield higher order contributions to the decay amplitude, which we neglect.
Therefore, we will compute the integral expresions defined by the diagrams shown in Fig. 1 , in a manner that is consistent with the approximations and idealizations that we have outlined above.
One-loop expressions for the neutrino gravitational vertex
We consider situations in which the W -boson mass is much larger than all the other energy scales, so that it is valid to neglect the thermal effects in the W -boson propagator. In addition, we can expand the amplitude in inverse powers of the W -boson mass and keep only the leading terms. We have already determined the one-loop expressions for the neutrino gravitonal vertex function under the above conditions in previous works [5, 9, 10] . For our present purposes, the results of those works can be summarized as follows.
Up to terms of order 1/M 4 W , the vertex function can be written in the form
where U is the neutrino mixing matrix. The terms contained in Λ λρ are the leading order terms in the Fermi constant and they were derived in the first two references cited above. Those terms do not contribute to the on-shell amplitude, which is most easily seen by noticing that those terms are momentum-independent and therefore do not produce any contribution of the type shown in Eq. (2.12). The remaining terms in Eq. (3.1) are the O(1/M 4 W ) terms, which were determined in Ref. [10] . They are momentum-dependent and the relevant ones for the present work. The part denoted G λρ contains all the O(1/M 4 W ) terms that are independent of the weak gauge parameter ξ, while H λρ contains the rest, which depend on ξ. Borrowing the results from that reference, we quote below the relevant formulas for the contribution from each of the diagrams in Fig. 1 to these two sets of terms.
Let us consider G λρ first, which contains all the O(1/M 4 W ) terms that are ξ-independent, and let us start with diagram (a). The contribution from this diagram is given by
and
is the tree-level electron gravitational coupling (in the massless limit). Furthermore,
where β is the inverse temperature and µ the chemical potential. The factor of δ(l 2 ) appears in Eq. (3.2) because we have taken the limit m e → 0, as explained earlier.
It should be noted that we ave retained only the contribution due to the thermal part of the electron propagator since, as already mentioned, the on-shell amplitude vanishes in the vacuum. Similarly, for the other diagrams,
where the tensors a λρµν , a ′ λρµν , and C λρµν that appear in these expressions are related to the various gravitational vertices that appear in the diagrams, and are given by
On the other hand, the corresponding H
, which contain the ξ-dependent terms, are given by the same expression as Eq. (3.2), but with the replacements
Before extracting the physical part from these expressions, we consider the conditions required by the gauge invariance of the weak and the gravitational interactions.
Weak gauge invariance
The gauge invariance of the weak interactions requires that the on-shell amplitude be independent of the parameter ξ. It turns out that the H terms satisfȳ
so that the requirement is indeed satisfied. In order to show this, let us consider specifically the first term x = a, where
Using Eq. (3.9), the first term in the square brackets involves the factor / ℓ(/ ℓ − / p)u 1 (p) , which reduces to zero when the massless Dirac equation for u 1 and the delta function δ(ℓ 2 ) are taken into account. Similarly, the second term in square brackets contans the factor u 2 (p ′ )(/ ℓ − / p ′ )/ ℓ , which also reduces to zero for similar reasons.
Similar arguments hold for the remaining H-terms, which we do not consider explicitly any further. Therefore, the conclusion is that only the G terms, which are independent of ξ, contribute to the physical amplitude.
Physical part of the amplitude
A by-product of Eq. (3.11) is that the k µ k ν term in Eq. (3.3) does not contribute to the physical amplitude and therefore for the present purposes we can adopt λρ , we can ignore the terms that do not contribute to the on-shell amplitude due to the on-shell relations given in Eqs. (2.5) and (2.11). Denoting the latter by G ′′ (x) λρ we then write
14)
where the G
contain the terms that survive. A straightforward evaluation of the integral expressions then yields
where we have introduced the definitions
The integral J αλρ cancels when all the terms are added, while the Lorentz structure of J α and J αβ imply that they are of the form
Thus, substituting Eq. (3.17) into Eq. (3.15) we obtain
which, together with Eqs. (3.1) and (3.14), establishes that the amplitude is of the form given in Eq. (2.12), with
Evaluation of the form factors
The definitions in Eq. (3.17) imply the following expressions for the coefficients A 11 and A 20 ,
which give the integral formulas
where f e,ē are the distribution functions of electrons and positrons respectively. In the massless limit that we have employed these integrals can be evaluated exactly in terms of the temperature T and chemical potential µ to yield 
where 
The integral I is of course trivial but the resulting formulas are cumbersome. Introducing 5) and noting that R −n+2 = R n , the result can be written in the form
It should be noted that, for small V , 9) which imply that
Thus, despite the overall factor of 1/V in Eq. (4.3), the rate vanishes for V = 0, which confirms the statements given in the Introduction based on general grounds. As we have already mentioned, we have neglected the electron mass in the calculation of the amplitude. Therefore, the results that we have obtained are applicable in situations in which the electron gas is extremely relativistic. In particular, the following the hierarchical relationship
must hold among the relevant parameters involved, where "T, µ" on the left-hand side means "either T or µ, or both". However, the final formulas still depend on some parameters including the initial neutrino velocity and the state of the electron gas. To give an E/m idea of how the rate depends on them, we consider two extreme cases regarding the values of T and µ in Eq. (3.22) . For these purposes we write the formula for the decay rate in the form
with
(4.13)
Charge-symmetric medium
We consider first a medium with zero chemical potential. As Eq. (3.22) shows, in this case
Looking at Eq. (4.2), we find that C 2 vanishes in this case, whereas C 1 is given by
The rate of the gravitational decay is then given by
where F 1 is given by Eq. (4.13) but setting C 2 = 0. Furthermore, in this case the angular distribution of the gravitons has the specific form
which depends on the velocity of the initial neutrino, but is indendent of any other parameters. Fig. 2 shows the plot of F 1 as a function of E/m. For low energy neutrinos, F 1 → 0 as E → m, as already commented. For high energy (E ≫ m) neutrinos, and therefore F 1 grows as
The result for the rate remains valid as long as the relationship E ≪ M W is maintained.
Completely degenerate medium
We now consider the limit T = 0. For this case Eq. (3.22) gives However, notice that the relations in Eq. (4.11) imply in this case that where F 1 is the same function that appears in Eq. (4.16). Therefore in this case the rate grows proportional to E for E ≪ µ, or E 3 for E ≫ µ.
Conclusions
For reference, we quote the numerical results corresponding to the two cases we have considered, using the values of the paratemers g and M W of the standard model and κ 2 = 1.68 × 10 −37 GeV −2 . Assuming that m ≫ m ′ so that ω 0 ≃ As mentioned in the Introduction, one of the motivations of this work was the suggestion that the resonant neutrino oscillations, in some astrophysical contexts, could give rise to gravitational radiation at levels that could be observable [8] . On the basis of the above results it does not seem conceivable that the neutrino gravitational decay is the microscopic process behind those effects. However, this conclusion does not exclude the possibility that other neutrino-gravitational processes, such as graviton radiation in neutrino scattering proceses, can be effective in those situations. The calculations of the present work are also useful for exploring further such possibilities.
